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Abstract
In this paper, we first show for a slightly degenerate pre-modular fusion category
C that squares of dimensions of simple objects divide half of the dimension of C, and
that slightly degenerate fusion categories of FP-dimensions 2pnd and 4pnd are nilpo-
tent, where p is an odd prime and d is an odd square-free integer. Then we classify
slightly degenerate generalized Tambara-Yamagami fusion categories and weakly inte-
gral slightly degenerate fusion categories of particular dimensions.
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1 Introduction
Throughout this paper, we always assume k is an algebraically closed field of charac-
teristic zero, k∗ := k\{0}, Zr := Z/r, r ∈ N. Categories are assumed to be semisimple
k-linear finite abelian categories. For any finite abelian category C, let O(C) denote set
of isomorphism classes of simple objects of C, the cardinal of O(C) is called rank of C.
Pre-modular fusion category C is slightly degenerate (or super modular) if the Mu¨ger
center C′ is equivalent to sV ec as symmetric fusion category, where sV ec is the category
of finite-dimensional super vector spaces. Slightly degenerate fusion categories play a
crucial role in classification of braided fusion categories, for example, let E = Rep(G) ⊆
C′ be a maximal Tannakian subcategory, then the de-equivariantization CG of braided
fusion category C by E is either non-degenerate or slightly degenerate [12], moreover it
is also useful in physics, see [2, 3, 4] for references.
The problem of classifying slightly degenerate fusion categories has been considered
in several papers. For pointed slightly degenerate fusion categories, they are Deligne
tensor products of sV ec and pointed non-degenerate categories [15]. If the rank of a
slightly degenerate fusion category is equal to 2, then obviously it is equivalent to sV ec.
Grothendieck equivalence classes of slightly degenerate fusion category of rank 4 and
6 have been classified in [1, 4], respectively. In [6], the authors studied the Witt group
of slightly degenerate fusion categories, and the structure of completely anisotropic
slightly degenerate fusion categories are obtained.
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In this paper, we classify slightly degenerate fusion categories of FP-dimensions like
2pnd, 4pnd, 2m (m ≤ 5), 8d and 16d, where p is an odd prime and d is an odd square-free
integer, and also we study slightly degenerate generalized Tambara-Yamagami fusion
categories [18, 24]. Most of these categories are Deligne tensor products of sV ec and
non-degenerate fusion categories of smaller FP-dimensions, the rest of them are Deligne
tensor products of pointed non-degenerate fusion categories and Z2-equivariantizations
of generalized Tambara-Yamagami fusion categories. In particular, integral slightly
degenerate fusion categories of FP-dimensions less than 64 are pointed. Meanwhile we
also obtain weakly group-theoretical property of weakly integral braided fusion category
C, which satisfies integral simple objects have FP-dimension pmqn Proposition 3.14,
where p, q are primes, m,n are non-negative integers.
The organization of this paper is as follows. In section 2, we recall some basic
properties of fusion categories that we use throughout, and we prove for any strictly
weakly integral slightly degenerate fusion category C that 8 | FPdim(C) in Theorem 2.8.
In section 3, we show for super-modular fusion category C that dim(C)
2dim(X)2
(X ∈ O(C)) is
an algebraic integer in Corollary 3.4 and that the slightly degenerate fusion categories
of FP-dimension 2pnd and 4pnd are nilpotent in Corollary 3.12, where p is an odd
prime and where d is an odd square-free integer. In section 4, we first classify slightly
degenerate generalized Tambara-Yamagami fusion categories in Corollary 4.5, and then
we classify slightly degenerate fusion categories of FP-dimensions 2n (n ≤ 5) and 8d in
Theorem 4.15 and Theorem 4.16, where d is a square-free integer.
2 Preliminaries
In this paper, we use V ec and sV ec to denote the category of finite-dimensional
vector spaces and super vector spaces over k, respectively. We will freely use the basic
theory of fusion categories and FP-dimensions but will recall some most used facts
below, we refer the reader to [12, 13, 14, 15] for properties of fusion categories and
braided fusion categories.
Let G be a finite group, for a G-graded fusion category C = ⊕g∈GCg, we denote
FPdim(Cg) :=
∑
X∈O(Cg)
FPdim(X)2, ∀g ∈ G. In particular, if the grading is faithful,
that is, Cg is non-zero, ∀g ∈ G, then FPdim(C) = |G|FPdim(Cg) [14, Proposition
8.20]. Let Cpt be the maximal pointed fusion subcategory of C, G(C) be the group of
isomorphism classes of invertible objects of C. Let Cad be the adjoint fusion subcategory
of C, i.e. Cad is generated by simple objects Y such that Y ⊆ X ⊗X∗ for some simple
object X, then C has a faithful grading with Cad be the trivial component, the grading
is called universal grading of C, grading group is denoted by UC [16, Corollary 3.7].
A fusion category C is weakly integral if FPdim(C) ∈ Z; C is integral if all the
simple objects are integral, that is FPdim(X) ∈ Z, ∀X ∈ O(C); C is strictly weakly
integral if there exists a non-integral simple object X, i.e. FPdim(X) /∈ Z.
For a weakly integral fusion category C, the FP-dimension of simple objects are
square-roots of integers, and if C is strictly weakly integral, then Cad is integral by
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[14, Proposition 8.27]. The FP-dimension defines a faithful grading on C, the grading
group E is an elementary abelian 2-group [16, Theorem 3.10], this grading is called
dimension grading. Let Cint be the trivial component of the dimension grading of C,
which is the maximal integral fusion subcategory of C, therefore for a weakly integral
fusion category C, we have Cpt ⊆ Cint and Cad ⊆ Cint.
Fusion category C is nilpotent if there exists a natural number n such that C(n) =
V ec, where C(0) := C, C(1) := Cad, C(j) := (C(j−1))ad, j ≥ 1 [16]. Pointed fusion cate-
gories and fusion categories of prime power FP-dimensions are nilpotent [14, Theorem
8.28], for example. Fusion category C is weakly group-theoretical if it is Morita equiv-
alent to a nilpotent fusion category D [15]. Fusion category C is group-theoretical if it
is Morita equivalent to a pointed fusion category D.
Fusion category C is a braided fusion category if for any X,Y, Z ∈ C, there exists a
natural isomorphism cX,Y : X⊗Y → Y ⊗X, and braiding c satisfies cX,I = cI,X = idX ,
cX⊗Y,Z = cX,Z ⊗ idY ◦ idX ⊗ cY,Z , cZ,X⊗Y = idX ⊗ cZ,Y ◦ cZ,X ⊗ idY , here we suppress
the associativity isomorphism. Braided fusion category C is a pre-modular (or ribbon)
fusion category if C admits a spherical structure. It follows from [14, Proposition 8.23,
Proposition 8.24] that any weakly integral braided fusion category C is pre-modular,
and dim(X) = FPdim(X), ∀X ∈ O(C), where dim(X) is taking trace of morphism
idX via spherical structure of C. Throughout this paper, for any fusion category C, we
always assume dim(X) = FPdim(X), ∀X ∈ O(C), unless otherwise stated.
For a pre-modular fusion category C, let θ be the ribbon structure of C. Then for
any simple object X ∈ C, θX ∈ HomC(X,X) ∼= k will be regarded as a non-zero scalar.
The T -matrix T = (TX,Y )X,Y ∈O(C) is the diagonal matrix with coefficients TX,Y :=
δX,Y θX ; the S-matrix S = (sX,Y )X,Y∈O(C) is defined via the spherical structure of
C. Specifically, sX,Y := Tr(cY,XcX,Y ). Pre-modular fusion category C is modular if
S-matrix is non-degenerate.
For a braided fusion category C, let D ⊆ C be a fusion subcategory, the centralizer D′
of D is the fusion subcategory generated by all simple objects X such that cY,XcX,Y =
idX⊗Y , ∀Y ∈ D. Braided fusion category C is non-degenerate if and only if C′ = V ec as
symmetric fusion category by [12, Proposition 3.7]; moreover, modular fusion category
C is exactly non-degenerate with a spherical structure. C is slightly degenerate (or
super modular), if Mu¨ger center C′ ∼= sV ec as symmetric fusion category. We use χ to
denote the generator of sV ec throughout, which is called fermion in [19].
Fusion subcategory D ⊆ C is symmetric if D ⊆ D′. By [7, Corollaire 0.8] any
symmetric fusion category is braided equivalent to Rep(G,u), where Rep(G,u) is the
category of finite-dimensional super representations of finite group G, u ∈ G is a central
element of order 2 and acts as parity automorphism. In general, we say that Rep(G,u)
is super-Tannakian. Symmetric fusion category C is Tannakian if C ∼= Rep(G) as
symmetric fusion category for a finite group G. So symmetric fusion categories of
odd FP-dimensions are always Tannakian categories. Besides, symmetric fusion cate-
gory C ∼= Rep(G,u) contains a maximal Tannakian subcategory E ∼= Rep(G/〈u〉) with
FPdim(E) = 1
2
FPdim(C) [12, Corollary 2.50].
For braided fusion category C, let E = Rep(G) ⊆ C be a non-trivial Tannakian
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subcategory, then there exists a fusion category CG, which is called de-equivariantization
of C by E , and C ∼= (CG)G as fusion categories. In general, CG is a braided G-crossed
fusion category, which admits a G-grading, and the trivial component of the G-grading
C0G ∼= E ′G is a braided fusion category. If particular, if E ⊆ C′, then CG is a braided
fusion category, and (CG)′ ∼= (C′)G, see [12, section 4] for details.
Theorem 2.1 ([12], Theorem 3.14). For any braided fusion category C, let D ⊆ C be
a fusion subcategory, then FPdim(D)FPdim(D′) = FPdim(C)FPdim(D ∩ C′).
Corollary 2.2. For a slightly degenerate fusion category C, let E be a Tannakian
subcategory of C, then the ratio FPdim(C)
FPdim(E)2
is an algebraic integer. In particular, if C is
weakly integral, then
FPdim(C)
FPdim(E)2
is an integer.
Proof. Since C′ ∼= sV ec and E is Tannakian, E∩C′ = V ec. By definition E ⊆ E ′, then by
[14, Proposition 8.15] m = FPdim(E
′)
FPdim(E)
is an algebraic integer. Therefore m = FPdim(C)
FPdim(E)2
is an algebraic integer by Theorem 2.1.
The following lemma is well-known and will be useful throughout this paper.
Lemma 2.3 ([19], Lemma 5.4). For a slightly degenerate fusion category C, let χ be
the generator of sV ec = C′, then χ⊗X ≇ X, ∀X ∈ O(C).
Proposition 2.4 ([12], Proposition 3.29). For a slightly degenerate fusion category C,
we have (Cad)′ = Cpt, and (Cpt)′ = (Cad)′′ = Cad ∨ C′.
Remark 2.5. Indeed, for any braided fusion category C, let D ⊆ C be a fusion sub-
category, then D′′ = D∨C′ [12, Corollary 3.11], where D∨C′ is the fusion subcategory
generated by D and C′. In particular, if C is slightly degenerate, and E = Rep(G) ⊆ C is
a Tannakian subcategory, as E ′′ = E ∨ C′, by Theorem 2.1 FPdim(E ′′) = 2FPdim(E).
Therefore [12, Proposition 4.30 (iii)] implies (E ′G)′ ∼= (E ′ ∩ E ′′)G = (E ∨ C′)G ∼= sV ec,
that is, E ′G is also slightly degenerate.
Proposition 2.6 ([9], Corollary 3.2). Let C be weakly integral braided fusion category,
if 4 ∤ FPdim(C), then C is integral.
For weakly integral slightly degenerate fusion categories, we can improve Proposition
2.6 a little further. We begin with a special case.
Lemma 2.7. Let C be a strictly weakly integral slightly degenerate fusion category, if
C′ ⊆ Cad, then 8|FPdim(C).
Proof. Assume FPdim(C) = 2md, with d is an odd integer, and |E| = 2r, r ≥ 1, as E
is an elementary abelian 2-group [16, Theorem 3.10]. Under the assumption C′ ⊆ Cad,
it follows from Theorem 2.1 and Proposition 2.4 that
FPdim(Cpt) = 2FPdim(C)
FPdim(Cad) = 2|UC |.
Universal property of UC implies that there is a surjective group homomorphism UC →
E by [16, Corollary 3.7], then |UC | = |E|a = 2ra, a ∈ Z. As Cpt ⊆ Cint, we have
FPdim(Cint) = FPdim(Cpt)b = 2r+1ab by [14, Proposition 8.15], b ∈ Z. Meanwhile
faithfulness of the dimension grading means FPdim(C) = |E|FPdim(Cint) = 22r+1ab.
Then 2m−(2r+1)d = ab ∈ Z, which implies m ≥ 2r + 1 ≥ 3.
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Recall that a symmetric fusion category C is super-Tannakian, if there exists a
finite group G and a central element u ∈ G of order 2, such that C ∼= Rep(G,u) as a
symmetric category, where u acts as parity automorphism.
Theorem 2.8. Let C be a strictly weakly integral braided fusion category such that C′
is super-Tannakian, then 8|FPdim(C).
Proof. It suffices to prove the theorem for C′ = sV ec. Indeed, if C′ is a super-Tannakian
fusion category, then C′ contains a maximal Tannakian subcategory E = Rep(G) [12,
Corollary 2.50], by Remark 2.5 CG is a slightly degenerate strictly weakly integral fusion
category, and FPdim(C) = FPdim(CG)|G|. So if 8|FPdim(CG), then 8|FPdim(C).
Let C be a weakly integral slightly degenerate fusion category with FPdim(C) =
2md, by Proposition 2.6 we only need to show that ifm = 2 then C is integral. Note that
if d = 1, this is trivial, below we assume d > 1. On the contrary, assume C is strictly
weakly integral, then dimension grading group E ∼= Z2 or Z2 × Z2 as |E||FPdim(C).
While sV ec = C′ ⊆ Cint, therefore E ∼= Z2 and FPdim(Cint) = 2d. Since C′ ⊆ Cpt ⊆
Cint, we can assume FPdim(Cpt) = 2t with t|d. Let p be an odd prime, if p|FPdim(Cpt),
then Cpt contains a braided fusion category A of FP-dimension p, from A ∩ C′ = V ec
we see that A is either a modular fusion subcategory or a Tannakian subcategory.
If Cpt does not contain any non-trivial Tannakian subcategory, then A is modular
and [12, Theorem 3.13] implies C ∼= A⊠A′ with A′ is slightly degenerate strictly weakly
integral, so we can replace C by A′. Therefore, we further assume FPdim(Cpt) = 2,
that is, Cpt = C′ = sV ec. Then Cad ∩ Cpt = V ec, otherwise C is integral by Lemma 2.7.
However that means Cad is a non-trivial non-degenerate fusion category by Proposition
2.4, and C ∼= Cad⊠sV ec by [12, Theorem 3.13], which implies C is integral, contradiction.
Hence Cpt (then C) must contains a non-trivial Tannakian subcategory.
Let E ∼= Rep(G) be a maximal Tannakian subcategory of C, then the core D := C0G ∼=
E ′G of C is a slightly degenerate fusion category by Remark 2.5, hence 2 ∤ FPdim(E),
otherwise 2 ∤ FPdim(D) and then sV ec * D. Therefore 4 | FPdim(E ′) by Theorem
2.1. Note D is weakly anisotropic by [12, Corollary 5.19], then [12, Corollary 5.29]
implies Dpt ∩ Dad ⊆ Dpt ∩ (Dpt)′ = D′ ∼= sV ec as (Dpt)′ = Dad ∨ D′. If D′ ⊆ Dad, by
Lemma 2.7, D is integral; if Dpt ∩ Dad = V ec, then Dad = V ec or Dad is a non-trivial
modular category, so D is pointed or D ∼= Dad ⊠ sV ec by [12, Theorem 3.13]. From
both cases we obtain that D is an integral fusion category. However, integrality of D
means that E ′ ∼= DG is integral by [12, Corollary 4.27], and then 4|FPdim(Cint) for
E ′ ⊆ Cint, this is impossible. Hence C is integral.
Remark 2.9. The condition that C′ is super-Tannakian can not be dropped, for ex-
ample, let C = I be a braided Ising category, then C is strictly weakly integral and
modular [12, Corollary B.12], but FPdim(C) = 4. And there exists slightly degenerate
strictly weakly integral fusion category of FP-dimension 8, that is I ⊠ sV ec.
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3 Nilpotency of a class of slightly degenerate fu-
sion categories
In this section, we first show for a super-modular fusion category C that dim(C)
2dim(X)2
is an algebraic integer for any X ∈ O(C), and then we prove nilpotency of slightly
degenerate fusion categories of FP-dimensions 2pnd and 4pnd, where p is an odd prime,
d is an odd square-free integer, and (p, d) = 1.
As we require that dim(X) = FPdim(X) for X ∈ O(C), then for sV ec, as a
symmetric fusion category, θχ = −1, the S-matrix of sV ec is S =
(
1 1
1 1
)
.
By Lemma 2.3, for a slightly degenerate fusion category C, rank of fusion subcat-
egory A such that C′ ⊆ A is even. There exists a unnatural partition of O(C), which
divides O(C) into two subsets Π0∪Π1 with same cardinal: unit object I ∈ Π0; if X ∈ Π0
then X∗ ∈ Π0, and there is a unique Y ∈ Π1 s.t. Y ∼= χ ⊗ X [2]. As C′ = 〈χ〉, the
balancing equation [e.g. [13], Proposition 8.13.8] then implies θX = −θY , if Y ∼= χ⊗X.
For slightly degenerate pointed fusion categories, their structures are well-known.
Proposition 3.1 ([12, 15]). Let C be slightly degenerate pointed fusion category, then
C ∼= D ⊠ sV ec, where D is a pointed non-degenerate fusion category.
The following proposition was first proved in [15, Corollary 2.7], see also [2, Theorem
3.9].
Proposition 3.2. For a slightly degenerate fusion category C with partition O(C) =
Π0 ∪ Π1, its S-matrix S =
(
Ŝ Ŝ
Ŝ Ŝ
)
, where Ŝ is a non-degenerate matrix with or-
thogonal rows and columns.
In [2, 4], for a slightly degenerate fusion category C with partition O(C) = Π0 ∪Π1,
there is a naive fusion rule N̂ = {N̂X |X ∈ Π0}, N̂X = ((N̂X)Z,Y ), where (N̂X)Z,Y =
N̂ZX,Y := N
Z
X,Y +N
Z⊗χ
X,Y , X,Y, Z ∈ Π0, NZX,Y := dimkHomC(X ⊗ Y,Z).
Note that for any pre-modular category C, sX,Y ∗ = sX,Y , X,Y ∈ O(C). Just like
modular case, we have the following proposition:
Proposition 3.3 ([4], Proposition 2.7). For a super-modular fusion category C, the
following hold:
(1) ŜŜ = 1
2
dim(C)E, E is the unit matrix, i.e. Ŝ is projectively unitary.
(2) N̂ is a commutative fusion rule, that is N̂XN̂Y = N̂Y N̂X , X,Y ∈ Π0.
(3) The functions ϕY (X) :=
ŝX,Y
ŝY,I
(Y ∈ Π0) form a set of orthogonal characters of the
algebra generated by Π0 with naive fusion rule.
(4) N̂ZX,Y = ΣV ∈Π0
2
dim(C)
ŝX,V ŝV,Y ŝZ,V ∗
ŝV,I
, X,Y, Z ∈ Π0.
Note that in Proposition 3.3 (and corollary below), for simple object X of a spherical
fusion category C, we do not require dim(X) = FPdim(X). For any pre-modular fusion
category C, ∀X ∈ O(C), the ratio dim(C)
dim(X)
is an algebraic integer; moreover if C is a
modular fusion category, then ratio dim(C)
dim(X)2
is an algebraic integer, see [13, §8.14, §9.3]
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for details, for example. Now we strengthen this property for super-modular fusion
categories.
Corollary 3.4. For a super-modular fusion category C, dim(C)
2dim(X)2
is an algebraic inte-
ger, ∀X ∈ O(C).
Proof. The proof is same as modular case (see e.g. [13, Proposition 8.14.6]), we include
it for the reader’s convenience. It is sufficient to prove this for X ∈ Π0. By Proposition
3.3 (1), for all X ∈ Π0, we have
dim(C)
2dim(X)2
=
ΣY ∈Π0sX,Y sY,X∗
s2I,X
= ΣY ∈Π0
sX,Y
sI,X
sY,X∗
sI,X
= ΣY ∈Π0
sX,Y
sI,X
sY,X∗
sI,X∗
,
the last equality is because sI,X = dim(X) = dim(X
∗) = sI,X∗ . Then the above sum
is an algebraic integer by Proposition 3.3 (3).
Below we give some direct conclusions about slightly degenerate fusion categories.
Lemma 3.5. Let C be a slightly degenerate fusion category and FPdim(C) = 2nd,
where d is an odd square-free integer, then C is pointed if 1 ≤ n ≤ 2 or 2n | FPdim(Cpt).
Proof. By Theorem 2.8, C is integral if n ≤ 2, and FPdim(X)2|2n−1d by Corollary
3.4, ∀X ∈ O(C). As d is odd and square-free, hence C is pointed if n ≤ 2. If 2n |
FPdim(Cpt), then Cad is braided and square-free by Theorem 2.1. If C′ ∩ Cad = V ec,
then Cad is a modular fusion category; if C′∩Cad = sV ec, and Cad is slightly degenerate.
Hence in both cases Cad is pointed, and then 2nd|FPdim(Cpt). That is, C is pointed.
Proposition 3.6. Let C be an integral non-pointed slightly degenerate fusion category
of FP-dimension 2nd, where d is an odd square-free integer, then 8|FPdim(Cpt)|2n−2d.
Moreover, E ′ is group-theoretical, where E is a maximal Tannakian subcategory of C.
Proof. If C is integral and non-pointed, so n ≥ 3 by Lemma 3.5. By Corollary 3.4
simple objects X have FP-dimensions 2i, 0 ≤ i ≤ t for some positive integer t. Then
FPdim(C) = FPdim(Cpt) + 22a1 + 24a2 + · · · 22tat,
where aj is the number of isomorphism classes of simple objects of FP-dimension 2
j ,
and 2|aj for all 1 ≤ j ≤ t by Lemma 2.3, hence 8|FPdim(Cpt).
By Lemma 3.5 2n ∤ FPdim(Cpt). If 2n−1 | FPdim(Cpt), then we can assume
FPdim(Cpt) = 2n−1. Indeed if there exists odd prime p|FPdim(Cpt), then C contains
a modular fusion category A of FP-dimension p since d is square-free, then C ∼= A⊠A′
and we replace C by A′. By Theorem 2.1 FPdim(Cad) =
{
2d, C′ ∩ Cad = V ec,
4d, C′ ⊆ Cad.
.
If d = 1, then C is not integral if C′ ∩ Cad = V ec, while if C′ ∩ Cad = sV ec, χ ⊆
X ⊗ X∗ for non-invertible simple object X by Lemma 2.3, this is a contradiction.
So, d > 1. If FPdim(Cad) = 2d, then Cad contains a unique non-trivial invertible
simple object g, therefore g ⊆ X ⊗ X∗ for any non-invertible simple object X of C.
Meanwhile, since Cad is not pointed, for non-invertible object X ∈ O(Cad), balancing
equation [13, Proposition 8.13.8] and Proposition 2.4 together mean that θg = 1, while
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this contradicts orthogonality of characters sg,− and sI,− in Proposition 3.3. Then
FPdim(Cad) = 4d and |UC | = 2n−2, so we have equation
4d = FPdim(Ch) = ah + 22(bh)1 + 24(bh)2 + · · · 22t(bh)t,
where ah and (bh)i are the numbers of isomorphism classes of invertible objects and
simple objects of FP-dimension 2i contained in component Ch respectively, 1 ≤ i ≤ t,
∀h ∈ UC . Note that C′ ⊆ Cad, then Lemma 2.3 implies 2|(bh)i, ∀1 ≤ i ≤ t. Therefore
ah 6= 0 (∀h ∈ UC), otherwise 2|d, contradiction. Consequently 4|ah (∀h ∈ UC), which
then implies FPdim(Cpt) ≥ 2n, this is impossible.
As we have seen, if C is not pointed, then 2n−1 ∤ FPdim(Cpt) and 4 | FPdim(Cad).
Hence, by computing FPdim(Cad), we see that (Cad)pt always contains a non-trivial
Tannakian subcategory, let E = Rep(G) be a maximal Tannakian subcategory of C,
by Corollary 2.2 |G| = 2j for some positive integer j, then Remark 2.5 shows that
D := (E ′)G is a slightly degenerate fusion category of FP-dimension 2n−2jd. If D is not
pointed, then by induction on FP-dimension, (Dad)pt contains a non-trivial Tannakian
subcategory, however this contradicts [12, Corollary 5.29], since D is weakly anisotropic
by [12, Corollary 5.19]. As an equivariantization of pointed fusion category, then E ′ is
group-theoretical [20, Theorem 7.2].
Corollary 3.7. Let C be an integral slightly degenerate fusion category of FP-dimension
2nd, if FPdim(Cpt) = 2n−2m, where d is an odd square-free integer, m|d, then C is
group-theoretical.
Proof. If m 6= 1, there exists a non-degenerate pointed fusion subcategory A of FP-
dimension m as Proposition 3.6, so we can replace C by A′, where A′ is the centralizer of
A in C. Below we always assume FPdim(Cpt) = 2n−2. By Theorem 2.1 FPdim(Cad) ={
4d, C′ ∩ Cad = V ec,
8d, C′ ⊆ Cad.
. If FPdim(Cad) = 4d, then (Cad)pt is a symmetric fusion
category of FP-dimension 4. If (Cad)pt = E = Rep(G) is Tannakian, then (Cad)G is
a modular pointed fusion category of FP-dimension d; if (Cad)pt is super-Tannakian,
then it contains a maximal Tannakian subcategory E = Rep(G), so (Cad)G is slightly
degenerate pointed fusion category of FP-dimension 2d by Lemma 3.5. In both cases,
we have (CG)ad ⊆ (Cad)G ⊆ CG by [12, Proposition 4.30]. Therefore CG is nilpotent
then pointed by [16, Corollary 5.3], hence C is group-theoretical by [20, Theorem 7.2].
The other case can be proved similarly.
For an integral non-degenerate fusion category C of FP-dimension 2nd, where d is
an odd square-free integer, if C is group-theoretical, then it is nilpotent. Indeed, by [11,
Corollary 4.14] there exists a symmetric fusion category E ⊆ C such that E ′ is nilpotent,
since FPdim(E) is a prime power of 2 [12, Proposition 4.56], [11, Theorem 6.10] shows
that C contains a modular fusion category A of FP-dimension d, so by [12, Theorem
3.13] C ∼= A⊠A′ is nilpotent. Now we are ready to improve result of [8].
Proposition 3.8. Integral non-degenerate fusion category C of FP-dimension 2nd are
nilpotent, if n ≤ 6.
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Proof. Assume C is not pointed, otherwise there is nothing to prove. Since C is integral,
FP-dimensions of simple objects of C are powers of 2, as in Proposition 3.6, we can
assume 4|FPdim(Cpt)|2n−2 and 4|FPdim((Cad)pt), so n ≥ 4. Indeed, we show if C is
not nilpotent then 4|FPdim(Cpt)|2n−4.
If FPdim(Cpt) = 2n−2, as in Corollary 3.7, (Cad)pt is symmetric, then we can show
C is group-theoretical, hence C is nilpotent. If FPdim(Cpt) = 2n−3 and FPdim(Cad) =
23d, consider FPdim((Cad)pt): if FPdim((Cad)pt) = 8, then C is nilpotent as in Corol-
lary 3.7; if FPdim((Cad)pt) = 4, we show (Cad)pt is Tannakian. We have equation
8d = FPdim(Cad) = 4 + 22a1 + 24a2 + · · · 22tat,
where aj is the number of isomorphism classes of simple objects of FP-dimension
2j , 1 ≤ j ≤ t, therefore a1 is odd. Let G(Cad) act on subset A, where A :=
{X ∈ O(Cad)|FPdim(X) = 2}, then there exists a fixed simple object X, which im-
plies that X ⊗ X∗ = ⊕g∈G(Cad)g, balancing equation [13, Proposition 8.13.8] means
(Cad)pt is Tannakian. Then C is group-theoretical as in Corollary 3.7.
Hence for n ≤ 5, C is nilpotent. If n = 6, then we can assume that Cpt = (Cad)pt =
Rep(Z2×Z2) is Tannakian. Let G(C) = 〈g〉×〈h〉, and consider Tannakian subcategories
Ei generated by g, h and gh respectively, 1 ≤ i ≤ 3, then their Mu¨ger centers are
group-theoretical, since they are equivalent to (C0Z2)rev by [12, Proposition 4.56], which
is nilpotent then pointed modular fusion category of FP-dimension 16d by [9, Lemma
4.11], therefore simple objects of these Mu¨ger centers E ′i have FP-dimension 1 or 2
by [12, Proposition 4.26]. While this implies FPdim(X) ≤ 2, ∀X ∈ O(C), since
Ei ∩ Ej = Cad for 1 ≤ i 6= j ≤ 3, by computing FP-dimension of C, we obtain that
O(C) = ∪3i=1O(Ei), then C is group-theoretical and nilpotent by [22, Theorem 1.2].
Remark 3.9. It is interesting to see whether Proposition 3.8 is true for all integers n,
we leave it for future consideration.
Lemma 3.10. Let C be a slightly degenerate fusion category with FPdim(C) = 2pnd
or 4pnd, where p is an odd prime and d is an odd square-free integer, (p, d) = 1. If C
is not pointed, then pn−1 ∤ FPdim(Cpt) and (Cad)pt contains a Tannakian subcategory
E of FP-dimension pj, j ≥ 2.
Proof. We only show the case FPdim(C) = 2pnd, the other is same. By Propo-
sition 2.6 C is integral; since C is not pointed, non-invertible simple objects of C
have FP-dimensions of pj by Corollary 3.4 (j ≥ 1), therefore p|FPdim((Cad)pt) and
pn ∤ FPdim(Cpt) by Theorem 2.1.
If pn−1 | FPdim(Cpt), assume FPdim(Cpt) = 2pn−1m, d = ms, by Theorem 2.1,
FPdim(Cad) =
{
ps, C′ ∩ Cad = V ec,
2ps, C′ ⊆ Cad.
and |UC | =
{
2pn−1m, C′ ∩ Cad = V ec,
pn−1m, C′ ⊆ Cad.
.
Since FPdim(Cad) = FPdim(Cg) = ag + p2bg (∀g ∈ UC), where ag is the number of
isomorphism classes of invertible objects contained in component Cg, ag 6= 0, otherwise
p | d, so p|ag (∀g ∈ UC). However then FPdim(Cpt) ≥ p|UC| > FPdim(Cpt) as p is
an odd prime, this is a contradiction, hence pn−1 ∤ FPdim(Cpt) and p2 | FPdim(Cad).
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By calculating FP-dimension of Cad, we obtain p2|FPdim((Cad)pt); by Proposition 2.4
(Cad)pt is symmetric, then (Cad)pt contains a Tannakian subcategory E of FP-dimension
pj by [12, Corollary 2.50] with j ≥ 2.
Theorem 3.11. Slightly degenerate fusion categories of FP-dimension 2pn and 4pn
are nilpotent where p is an odd prime and n is a positive integer.
Proof. Let C be a slightly degenerate fusion category of FP-dimension 2pn. If C′∩Cad =
V ec, then it follows from Proposition 2.4 and Theorem 2.1 that FPdim(Cad) = pt, C
is nilpotent by [14, Theorem 8.28]. Assume C′ ⊆ Cad and C is not pointed, then
FPdim(Cpt) = 2pm and FPdim(Cad) = 2pn−m by Theorem 2.1, and 2 ≤ m ≤ n − 2,
(Cad)pt contains a maximal Tannakian subcategory Rep(G) and |G| = pj , j ≥ 2 by
Lemma 3.10. Then (Cad)G is a slightly degenerate fusion category of FP-dimension
2pn−m−j by Remark 2.5, by induction (Cad)G is nilpotent. Hence (Cad)G ∼= sV ec⊠D,
where D is a modular fusion category of FP-dimension pn−m−j , and Cad ∼= sV ecG∨DG.
Since G acts on sV ec trivially, and FPdim(DG) = pn−m, [14, Theorem 8.28] and [9,
Lemma 2.2] together imply that Cad is nilpotent, then C is nilpotent.
Let FPdim(C) = 4pn and assume C is not pointed. Then FPdim(Cpt) = 2kpm, with
k = 1, 2 and 2 ≤ m ≤ n− 2 by Lemma 3.10. If k = 2, by Theorem 2.1 FPdim(Cad) ={
pn−m, C′ ∩ Cad = V ec,
2pn−m, C′ ∩ Cad = sV ec.
, then Cad is nilpotent as the case FPdim(C) = 2pn; If
k = 1, then FPdim(Cad) =
{
2pn−m, C′ ∩ Cad = V ec,
4pn−m, C′ ∩ Cad = sV ec.
. Then (Cad)G is braided
and ((Cad)G)′ ⊆ sV ec, where Rep(G) is a maximal Tannakian subcategory of (Cad)pt,
(Cad)G is nilpotent by induction if 4|FPdim(Cad) and by [9, Theorem 4.7] if 4 ∤
FPdim(Cad), then Cad is nilpotent by similar argument.
The following corollary is an analog of [9, Theorem 4.7].
Corollary 3.12. Slightly degenerate fusion categories of FP-dimension 2pnd and 4pnd
are nilpotent, where p is an odd prime and d is an odd square-free integer such that
(p, d) = 1, n is a non-negative integer. In particular, they are group-theoretical.
Proof. Let C be a slightly degenerate fusion categories of FP-dimension 2pnd with
d > 1(FPdim(C) = 4pnd is similar), then C is integral by Theorem 2.8. When n ≤ 3,
it follows from Lemma 3.10 that C is pointed, definitely C is nilpotent.
There is nothing to prove if C is pointed. Below we assume C is not pointed,
and necessarily n ≥ 4. As in Theorem 2.8, if there exists an odd prime q 6= p and
q|FPdim(Cpt), then Cpt contains a modular fusion category B of FP-dimension q, C ∼=
B⊠B′ by [12, Theorem 3.13] and we can replace C with B′. Therefore, by Theorem 2.1
we further assume FPdim(Cpt) = 2pm, FPdim(Cad) =
{
pn−md, C′ ∩ Cad = V ec,
2pn−md, C′ ⊆ Cad.
,
n− 2 ≥ m ≥ 2. We proceed by induction on n.
Let E = Rep(G) be a maximal Tannakian subcategory of (Cad)pt, |G| = pj with
j ≥ 2 by Lemma 3.10, then (Cad)G is slightly degenerate of FP-dimension 2pn−m−jd
10
Remark 2.5. Here we assume C′ ⊆ Cad, if not, then (Cad)G is a modular fusion category
of FP-dimension pn−md, then (Cad)G is nilpotent by [9, Theorem 4.7]. By induction,
D := (Cad)G is nilpotent, by [11, Theorem 6.10] D ∼= sV ec ⊠ Dq1 ⊠ · · · ⊠ Dqr ⊠ Dp as
braided fusion categories, where d = qi · · · qr, Dqi is a modular fusion category of FP-
dimension qi, Dp is a modular pointed fusion category with FPdim(Dp) = pn−m−j , qi
are odd primes, 1 ≤ i ≤ r. Then Cad = DG = (sV ec)G∨ (Dq1 )G ∨· · · ∨ (Dqr )G ∨ (Dp)G.
Note that G acts on sV ec trivially and (Dp)G is a fusion category of FP-dimension
pn−m, so they are nilpotent fusion subcategories. We show (Dqi)G are nilpotent for
all 1 ≤ i ≤ r, then by [9, Lemma 2.2] Cad is nilpotent, which means C is nilpo-
tent. By [12, Proposition A.6], the action of G on a metric group of odd order qi
while preserving the quadratic form can never be non-trivial. Moreover, ∀q ≥ 0, since
(|G|, qi) = 1, Hq(G,Zqi) = 0 for all 1 ≤ i ≤ r. Therefore (Dqi)G ∼= Dqi ⊠Rep(G), then
qi|FPdim(Cpt), and consequently d = 1 as FPdim(Cpt) = 2pm. Then by Theorem
3.11, C is a nilpotent fusion category.
Nilpotency of C means that C is equivalent to Deligne tensor products of braided
fusion categories of prime power FP-dimensions [11, Theorem 6.12]. Then C is group-
theoretical by [11, Theorem 6.10].
Therefore, like classification of modular fusion category of FP-dimension 2pnd [9,
Theorem 4.7], the classification of slightly degenerate fusion category C of FP-dimension
2pnd or 4pnd is reduced to classification of modular fusion categories of prime power
FP-dimensions. Particularly, if n ≤ 4, then C is pointed by [9, Lemma 4.11].
Corollary 3.13. Integral braided fusion categories of FP-dimension pnd are group-
theoretical if n ≤ 4, where p is a prime, d is a square-free integer and (p, d) = 1.
Proof. Let C be a braided fusion category of FP-dimension pnd with n ≤ 4. Consider
the Mu¨ger center C′ of C: if C′ = V ec, then C is modular and pointed by [9, Corollary
4.13], and Proposition 3.8; if C′ = sV ec, then C is pointed by Proposition 3.6 and Corol-
lary 3.12; if C′ ∼= Rep(G) is a non-trivial Tannakian category, then C ∼= DG is group-
theoretical by [20, Theorem 7.2], since D is modular and by induction D is pointed; if
C′ = Rep(G,u), then it contains a maximal Tannakian subcategory E ∼= Rep(N) and
|N | = 1
2
FPdim(C′), by Remark 2.5 CN is a slightly degenerate fusion category, which
is pointed by induction on FP-dimension of CN , then C is group-theoretical.
The following proposition generalizes result of [22, Proposition 5.3].
Proposition 3.14. Let p, q be primes, and C be a weakly integral braided fusion cate-
gory such that integral simple objects of C have FP-dimensions pmqn, where m,n are
nonnegative integers. Then C is weakly group-theoretical.
Proof. Let Rep(G) ⊆ C′ be a maximal Tannakian subcategory, then C ∼= DG, where
D′ ⊆ sV ec. The argument of [22, Proposition 5.3] shows that G is a solvable group.
Therefore, it is sufficient to show D is weakly group-theoretical by [15, Proposition 4.1].
If D is non-degenerate, then D is solvable by [22, Proposition 5.3].
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Assume that D is slightly degenerate. When D is nilpotent, the proposition fol-
lows directly from [11, Theorem 6.10]. We also assume that D does not contain non-
degenerate fusion subcategories. In fact, if not, let A be a non-degenerate fusion sub-
category of D, then D ∼= A ⊠A′ by [12, Theorem 3.13], then A, A′ and D are weakly
group-theoretical by induction. Moreover, if D contains a non-trivial Tannakian sub-
category Rep(N), then D0N is again slightly degenerate and FPdim(D0N) = FPdim(D)|N|2
by Corollary 2.2, by induction D0N is weakly group-theoretical, so is D [15, Proposition
4.1]. Therefore, we only need to prove that D always contains a non-trivial Tannakian
subcategory. On the contrary, let D be an anisotropic slightly degenerate fusion cate-
gory, that is, the only Tannakian subcategory of D is equivalent to V ec.
If D = Dad, then D is integral and D′ = Dpt = sV ec by Proposition 2.4. Partic-
ularly, D does not contain simple objects of odd prime power FP-dimensions by [15,
Proposition 7.4]. If p, q are odd primes, then pq|FPdim(X) for all X ∈ O(D), then
pq|FPdim(Dpt), this is impossible. Then non-invertible simple objects of D all have
even FP-dimensions by assumption. Hence Corollary 3.4 implies that 8|FPdim(D).
While
FPdim(D) = FPdim(Dpt) +
∑
X∈O(D)
FPdim(X)>1
FPdim(X)2,
then Lemma 2.3 implies that 8|FPdim(Dpt), this is a contradiction. Therefore, D
contains a non-trivial Tannakian subcategory Rep(N). By induction, D0N is weakly
group-theoretical, so is D by [15, Proposition 4.1].
If Dad is a proper subcategory of D, then it follows from [12, Proposition 3.29] that
(Dad)pt is a symmetric fusion category, hence (Dad)pt ⊆ sV ec, as D is anisotropic. If
(Dad)pt = V ec, then Dad is non-degenerate. Consequently, Dad = V ec since we assume
that D does not contain non-degenerate fusion subcategories, which implies that D is
pointed, this is impossible. Then Dad is an integral slightly degenerate fusion category,
previously argument implies thatDad contains a non-trivial Tannakian subcategory.
By Corollary 3.4, Proposition 3.14 and [22, Theorem 5.1], slightly degenerate fusion
categories of FP-dimensions pmqnd are always solvable, where p, q are primes, d is a
square-free integer such that (pq, d) = 1.
Remark 3.15. Let 2 < p < q < r be primes. Using Proposition 3.3, one can show
that slightly degenerate fusion categories C of FP-dimension 2p2q2r2 contain a non-
invertible simple objects of prime power FP-dimension, then C contains a non-trivial
Tannakian subcategory by [15, Proposition 7.4], hence C is weakly group-theoretical.
Then C is solvable by [22, Theorem 5.1]
4 Slightly degenerate fusion categories of partic-
ular dimensions
In this section we study slightly degenerate generalized Tambara-Yamagami fusion
categories and classify slightly degenerate fusion categories of FP-dimension 2n (n ≤
12
5) and 8d, where d is a square-free integer. We begin with classification of slightly
degenerate generalized Tambara-Yamagami fusion category.
Let C be a generalized Tambara-Yamagami fusion category, i.e. for non-invertible
simple objects X,Y ∈ O(C), X ⊗ Y ∈ Cpt, generalized Tambara-Yamagami fusion
categories were classified up to tensor equivalence in [18]. By [21, Lemma 5.1] there
exists a normal subgroup Γ ⊆ G(C) such that for any non-invertible simple object X,
X ⊗X∗ = ⊕g∈Γg. Therefore FPdim(X) ∈ {1,
√
|Γ|} (X ∈ O(C)) and Cad ∼= V ecωΓ as
fusion category. By definition, C is nilpotent but not pointed.
Example 4.1. Let C = T Y(Γ, τ, µ) be a Tambara-Yamagami fusion category, where
Γ is a finite abelian group, τ : Γ × Γ→ k∗ is a symmetric non-degenerate bicharacter,
µ ∈ k∗ such that |Γ|µ2 = 1. Let X be the unique non-invertible simple object of C,
then X⊗X = ⊕g∈Γg and FPdim(C) = 2|Γ|. Tambara-Yamagami fusion categories are
classified up to tensor equivalence in [24]. By [23, Theorem 1.2], C admits a braiding
structure if and only if Γ is an elementary abelian 2-group.
Example 4.2. Let I = T Y(Z2, τ, µ) be a Tambara-Yamagami fusion category, i.e.
I is an Ising category. Then I has a braiding structure. In fact, All braided Ising
categories are modular, and braided Ising categories are classified in [12, Appendix B].
LetN be a positive integer. In [10], the authors definedN-Ising categories IN , which
is a non-pointed braided Z2N -extension of a pointed fusion category V ecZ2 , so IN is a
generalized Tambara-Yamagami fusion category. And all proper fusion subcategories
of IN are pointed by [10, Theorem 4.7]. In particular, any non-invertible simple object
X ∈ IN generates N-Ising category IN . For N = 1, I1 is exactly an Ising category.
If C is a slightly degenerate generalized Tambara-Yamagami fusion category, by
[11, Theorem 6.12] nilpotency of C means that C ∼= A ⊠ B1 ⊠ · · · ⊠ Bs as braided
fusion category, where FPdim(A) = 2m, and FPdim(Bi) = pnii , pi are odd primes,
as C′ = sV ec, so A is slightly degenerate, all Bi are modular, 1 ≤ i ≤ n. Meanwhile
[21, Theorem 5.4] shows that Bi are pointed (1 ≤ i ≤ s), therefore C ∼= A ⊠ D, where
D is a pointed modular fusion category. Hence the classification of slightly degenerate
generalized Tambara-Yamagami fusion category C is reduced to when FPdim(C) = 2m,
obviously we have m ≥ 3.
The following theorem is an application of Proposition 3.3, and will be useful in the
classifications throughout this section.
Theorem 4.3. There exists no slightly degenerate fusion category C, which satisfies the
following condition: there exists a subgroup Γ ⊆ G(C) such that for any non-invertible
simple object X, ∀g ∈ Γ, g ⊗X ∼= X, and |Γ| ≥ 3.
Proof. Assume there exists such a fusion category C, by Lemma 2.3, χ /∈ Γ. Let us
choose a partition of O(C) such that Γ ⊆ Π0. For any non-trivial invertible simple
object g ∈ Γ, by Proposition 3.3, orthogonality of characters sg,− and sI,− means
ΣV ∈Π0sI,V sV,g = 0. Using the balancing equation [13, Proposition 8.13.8], we have
sV,g = FPdim(V )θ
−1
g ; by Proposition 2.4 1 = sg,h = θ
−1
g θ
−1
h θgh for all h ∈ Cpt. Then
0 = 1
2
FPdim(Cpt) + θ−1g
∑
V ∈Π0,
V /∈O(Cpt)
FPdim(V )2, hence θg = −1 as it is a root of unity.
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However, as |Γ| ≥ 3, there exist non-trivial invertible objects g, h ∈ Γ and g 6= h−1,
then −1 = θgh = θgθh = 1, this is a contradiction.
Proposition 4.4. Let C be a slightly degenerate fusion category of FP-dimension 8,
then C ∼= sV ec⊠D, where D is non-degenerate fusion category of FP-dimension 4.
Proof. When C is integral, this is a direct result of Lemma 4.8 below. If C is strictly
weakly integral, then Cint = Cpt. Nilpotency of C implies FPdim(X)2|FPdim(Cad)
(X ∈ O(C)) by [16, Corollary 5.3], therefore FPdim(X) ∈ {1,√2}. Then it follows from
Lemma 2.3 and partition of O(C) in section 3 that simple objects of FP-dimension √2
are self-dual, since there are exactly two simple objects of FP-dimension
√
2. Therefore,
C ∼= sV ec⊠ I by [12, Theorem 3.13], where I is an Ising category.
Corollary 4.5. Let C be a slightly degenerate generalized Tambara-Yamagami fusion
category with FPdim(C) = 2m, m ≥ 3, then C ∼= sV ec ⊠ I ⊠ D, where D is a non-
degenerate pointed fusion category.
Proof. By definition and Theorem 4.3, Γ ∼= Z2. Let Γ = 〈g〉, then the proof of Theorem
4.3 implies θg = −1, that is, Cad ∼= sV ec as symmetric fusion categories.
Note that Mu¨ger center of Cpt is Cad∨C′ by Proposition 2.4, which has FP-dimension
4. So, [10, Lemma 5.1] says that Cpt ∼= C′⊠C0 for some pointed braided fusion category
C0. While Cad ∼= sV ec ⊆ C0 also centralizes C0, again we obtain that C0 ∼= Cad ⊠D for
another braided pointed fusion category D. Consequently, Cpt ∼= C′⊠ Cad⊠D. Then D
must be a non-degenerate fusion category. Since Mu¨ger of Cpt is exactly C′ ⊠ Cad ⊠D′
by definition, where D′ is the Mu¨ger center of D, FPdim(C′⊠Cad⊠D′) = 4 if and only
if D′ = V ec if and only if D is non-degenerate.
Therefore, we have a braided fusion category equivalence C ∼= D⊠A by [12, Theorem
3.13], where A is a slightly degenerate fusion category of FP-dimension 8. Since C is
strictly weakly integral, A must be strictly weakly integral. Proposition 4.4 says that
A ∼= I ⊠ sV ec. Therefore, C ∼= sV ec⊠ I ⊠D as required.
Remark 4.6. Note that Corollary 4.5 also shows that N-Ising categories IN can never
be slightly degenerate. Hence, together with [10, Lemma 4.12], we obtain that Mu¨ger
center of IN does not contains a symmetric fusion category sV ec.
Next we give classifications of slightly degenerate fusion categories of FP-dimensions
2n (n ≤ 5). There is nothing to prove when n ≤ 2, since C is pointed. We begin with
integral slightly degenerate fusion categories.
Remark 4.7. Let C pre-modular fusion category of FP-dimension 8, then C is pointed
or T Y(Z2×Z2, τ, µ) if C is integral by [23, Theorem 1.2]. Meanwhile, C is a generalized
Tambara-Yamagami fusion category when C is strictly weakly integral, and simple
objects have FP-dimensions 1 or
√
2, if C does not contain a self-dual non-invertible
simple object, then C ∼= I2 and C′ ≇ sV ec by Remark 4.6 and [10, Theorem 5.5].
Lemma 4.8. Let C be an integral slightly degenerate fusion category of FP-dimension
2n, if C is not pointed, then n ≥ 6.
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Proof. Let C be an integral slightly degenerate fusion category of FP-dimension 2n, by
Lemma 3.6 it suffices to show that if n = 5 then C is pointed. On the contrary, assume
that C is not pointed, then FPdim(Cpt) = 8 and FPdim(Cad) = 8 by Lemma 3.6,
so Cad = Cpt, Proposition 2.4 implies Cad is symmetric. Also nilpotency of C implies
FPdim(X) ∈ {1, 2} (X ∈ O(C)) by [16, Corollary 5.3].
Note that group UC is isomorphic to either Z4 or Z2 × Z2, so C contains a non-
pointed fusion category A ⊇ Cpt of FP-dimension 16, Lemma 2.3 means there exists a
self-dual non-invertible simple object X ∈ O(A), then X ⊗ X = I ⊕ g ⊕ h ⊕ gh and
Z2 × Z2 = 〈g〉 × 〈h〉, since X generates a braided Tambara-Yamagami fusion category
of FP-dimension 8 [23, Theorem 1.2]. By Proposition 2.4 g, h generate a symmetric
fusion subcategory B, so B contains a non-trivial Tannakian subcategory E , without
loss of generality, assume θg = 1.
Let Π0 = {I, g, h, gh,X,U, V }, where X,U, V are non-isomorphic simple objects
of FP-dimension 2. Then by Proposition 3.3, orthogonality of characters sg,− and
sI,− implies 4 + sg,U + sg,V = 0, then θU = −θg⊗U and θV = −θg⊗V ; orthogonality of
characters sI,− and sh,− implies 1+θ
−1
h +θ
−1
h θ
−1
U θh⊗U+θ
−1
h θ
−1
V θh⊗V = 0; orthogonality
of characters sg,− and sh,− implies 1 + θ
−1
h − θ−1h θ−1U θh⊗U − θ−1h θ−1V θh⊗V = 0, then
θh = −1 = θgh and sX,X = 0; finally orthogonality of characters sg,− and sX,− implies
4− sg,U − sg,V = 0, while this contradicts to equality 4 + sg,U + sg,V = 0.
Hence Lemma 3.6, Lemma 3.10 and Lemma 4.8 show that integral slightly degen-
erate fusion categories C of FP-dimension less than 64 are pointed, then C ∼= sV ec⊠D
by Proposition 3.1, where D is a pointed non-degenerate fusion category.
Proposition 4.9. Let C be a slightly degenerate fusion category of FP-dimension 16,
then C is pointed or C ∼= sV ec⊠ I ⊠ D, where D is a non-degenerate fusion category.
Proof. If C is integral, then it is pointed by Lemma 4.8. Now assume C is strictly
weakly integral, obviously 4|FPdim(Cpt), then FPdim(Cpt) = 8 and FPdim(Cad)|4,
Cint = Cpt. Indeed, if FPdim(Cpt) = 4, then FPdim(Cad) =
{
4, C′ ∩ Cad = V ec,
8, C′ ∩ Cad = sV ec.
by Theorem 2.1, while in the first case FPdim(Cpt) = 8 and in the second case this
contradicts to Lemma 2.3. Since C is nilpotent, FPdim(X)2|4 ( ∀X ∈ O(C)) by
[16, Corollary 5.3]. Note that Cpt = Cint, FPdim(X) ∈ {1,
√
2}, for arbitrary simple
object X ∈ O(C), then C is a slightly degenerate generalized Tambara-Yamagami fusion
category. Then Corollary 4.5 implies the classification.
Lemma 4.10. Let C be a non-degenerate fusion category of FP-dimension 16, then C
is pointed or C ∼= I ⊠D, where D is equivalent to an Ising category or D is pointed.
Proof. If C is integral, then C is pointed, as slightly degenerate fusion category sV ec⊠C
is pointed by Lemma 4.8. If C is strictly weakly integral, then FPdim(Cpt)|8. If
FPdim(Cpt) = 2, then FPdim(Cad) = 8 by [16, Corollary 6.8], this is impossible, since
non-invertible simple objects of Cad have FP-dimension 2 by [16, Corollary 5.3].
When FPdim(Cpt) = 8, C is a non-degenerate generalized Tambara-Yamagami
fusion category, so C ∼= I⊠D by [21, Theorem 5.4], where D is a pointed non-degenerate
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fusion category. If FPdim(Cad) = 4, then Cad = Cpt is a symmetric fusion category by
[16, Corollary 6.8]. Since C is strictly weakly integral, Cad is not Tannakian, otherwise
C is braided equivalent to Drinfeld center of a pointed fusion category by [12, Theorem
4.64]. Therefore, Cad contains a subcategory A ∼= sV ec, then centralizer A′ of A is a
slightly degenerate fusion category of FP-dimension 8. By Proposition 4.4, C contains
an Ising category I, then C is braided equivalent to Deligne tensor product of two Ising
categories by [12, Theorem 3.13].
Corollary 4.11. Let C be a strictly weakly integral braided fusion category of FP-
dimension 16, then C is a generalized Tambara-Yamagami fusion category or C ∼=
T Y(Z2 × Z2 × Z2, τ, µ) or C ∼= A1 ⊠A2, where Ai are Ising categories.
Proof. Since C is nilpotent and weakly integral, direct computation shows dimension
grading group E = Z2. If FPdim(Cpt) = 8, then FPdim(X) ∈ {1,
√
2} or {1, 2√2}
(∀X ∈ O(C)). In the first case C is a generalized Tambara-Yamagami fusion category,
if C contains a self-dual non-invertible simple object, then C ∼= I ⊠ D, D is a pointed
fusion category; if not, C ∼= I3 or C ∼= I2 ⊠ B by [10, Theorem 5.5]. In the second case,
C is a Tambara-Yamagami fusion category, then it follows from [23, Theorem 1.2] that
C ∼= T Y(Z2 × Z2 × Z2, τ, µ).
If FPdim(Cpt) = 4, then C contains a unique simple object V of FP-dimension 2,
and G(C) = Z2×Z2 = 〈g〉×〈h〉 by [23, Theorem 1.2], since Cint is a Tambara-Yamagami
fusion category of FP-dimension 8. Note that FPdim(X) ∈ {1,√2, 2} or {1, 2, 2√2}
(X ∈ O(C)) by [16, Corollary 5.3]. If FPdim(X) ∈ {1, 2, 2√2}, then Cpt ⊆ Cad = Cint,
by [12, Corollary 3.26] Cpt ∼= Rep(G) is a Tannakian subcategory, and CG ∼= I since
C is strictly weakly integral. Let Y be the unique non-integral simple object of C,
F : C → CG be the forgetful functor, then F (Y ) = 2X and [F (Y ) ⊗ F (Y ) : I ] = 4,
where X is the generator of I; while [F (Y ⊗ Y ) : I ] > 4, this is impossible.
Let FPdim(X) ∈ {1,√2, 2}, ∀X ∈ O(C). Since C contains a unique simple object
V of FP-dimension 2, sV ec * C′ by [19, Lemma 5.4]. If C′ = V ec, that is, C is non-
degenerate, then C is equivalent to Deligne tensor product of two Ising categories by
Lemma 4.10. If FPdim(C′) ≥ 2, Let X be an arbitrary simple object of FP-dimension√
2, assume X⊗X∗ = I⊕g, then X generates a generalized Tambara-Yamagami fusion
category. Then [10, Lemma 3.4] shows that θg = −1, and sg,V = −2. As sV ec * C′, C′
must be Tannakian category of FP-dimension 2. Let B = 〈g〉 ∼= sV ec, then centralizer
B′ is a strictly weakly integral fusion category of FP-dimension 8 by Theorem 2.1 as
V /∈ B′. So B′ is a generalized Tambara-Yamagami fusion category of FP-dimension
8, B′ ∼= I2 by Remark 4.7. Note that Mu¨ger center of B′ is exactly symmetric fusion
category B ∨ C′ by Remark 2.5, this contradicts to Remark 4.6, however.
Proposition 4.12. Let C be a slightly degenerate fusion category of FP-dimension 32.
Then C ∼= sV ec⊠A, where A is a non-degenerate fusion category.
Proof. By Lemma 4.8, if C is integral then C is pointed, so C ∼= sV ec⊠A by Proposition
3.1. Assume C is strictly weakly integral, and 4|FPdim(Cpt)|16. If FPdim(Cpt) = 4, it
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follows from Theorem 2.1 that FPdim(Cad) =
{
8, Cad ∩ C′ = V ec,
16, Cad ∩ C′ = sV ec.
. In the first
case 8|FPdim(Cpt); in the second case Cad contains exactly three simple objects of FP-
dimension 2, this contradicts to Lemma 2.3. If FPdim(Cpt) = 16, then Cint = Cpt, as in
Proposition 4.9 C is a generalized Tambara-Yamagami fusion category, then Corollary
4.5 implies the classification.
If FPdim(Cpt) = 8, by Theorem 2.1 FPdim(Cad) = 4 or 8. Then a direct compu-
tation shows that FPdim(Cint) = 16, and there exists non-integral X,Y ∈ O(C) such
that X ⊗ Y ∈ O(C). Otherwise, C contains a generalized Tambara-Yamagami fusion
category of FP-dimension 24, impossible. We show FPdim(Cad) = 4.
If FPdim(Cad) = 8, then Lemma 2.3 and Proposition 2.4 imply that Cad = Cpt
is symmetric, and UC = Z4 or Z2 × Z2, FPdim(X) ∈ {1,
√
2, 2} (X ∈ O(C)) by [16,
Corollary 5.3]. If UC = Z4 = 〈x〉, then C = ⊕3i=0Cxi is generated by a non-integral
simple object X by [21, Theorem 4.7]. Assume X ∈ Cx, then Cint = C0⊕Cx2 for simple
objects of FP-dimension 2 are self-dual by Lemma 2.3, therefore X ⊗X ∈ Cx2 must be
a simple object. While X ⊗ X∗ = I ⊕ g, for some g 6= I with g ⊗ g = I , this means
[(X ⊗X)⊗ (X ⊗X)∗ : I ] = 2, impossible.
If UC = Z2 × Z2, then non-integral simple objects are not self-dual, otherwise
C ∼= A1 ⊠A2⊠ sV ec, where A1,A2 are equivalent to Ising categories, but the universal
grading of A1 ⊠A2 ⊠ sV ec is Z2 × Z2 × Z2. Then C contains a strictly weakly integral
braided fusion category B of FP-dimension 16, and Cpt = Cad ⊆ B, so B is a generalized
Tambara-Yamagami fusion category, since UC = Z2 × Z2. In particular, C′ ⊆ B as
Bpt = Cpt, so B is slightly degenerate by [10, Lemma 4.12]. But by Proposition 4.9
B ∼= sV ec ⊠ I ⊠ D1, then C ∼= sV ec ⊠ I ⊠ D1 ⊠ D2, where D1,D2 are pointed fusion
categories of FP-dimension 2, this is impossible as UC ≇ Z2 × Z2.
If FPdim(Cpt) = 8, FPdim(Cad) = 4. On the one hand, it follows from Proposition
4.4 and [12, Theorem 3.13] that C ∼= A1 ⊠A2 ⊠ sV ec if simple objects of FP-dimension√
2 are self-dual, where Ai are equivalent to Ising categories. On the other hand, assume
that simple objects of FP-dimension
√
2 are not self-dual. By [10, Lemma 3.4], Cad
contains a fusion subcategory A which is braided equivalent to sV ec, obviously X /∈ A′
if FPdim(X) = 2 and X ∈ O(C). Therefore, Theorem 2.1 shows that centralizer A′ is
a generalized Tambara-Yamagami fusion category of FP-dimension 16, and C′ ⊆ Cpt ⊆
A′. Arguments in the previous paragraph says that this is impossible.
Corollary 4.13. Let C be a strictly weakly integral non-degenerate fusion category of
FP-dimension 32, then C ∼= A1 ⊠ D or A2 ⊠ A3 ⊠ B, where A1,A2,A3 are braided
equivalent to Ising categories, B,D are pointed non-degenerate fusion categories.
Proof. Since C is strictly weakly integral and modular, FPdim(Cpt)|16; as C′ad = Cpt
[16, Corollary 6.8] and integral non-invertible simple objects have FP-dimensions 2 or
4, we see 4|FPdim((Cad)pt). Then FPdim(Cpt) = 16 or 8 or 4. If FPdim(Cpt) = 16,
then C ∼= I ⊠D by [9, Proposition 5.1], where D is pointed.
If FPdim(Cpt) = 4 and FPdim(Cad) = 8. Then Cpt ⊆ Cad is symmetric, by
[23, Theorem 1.2] Cad ∼= T Y(Z2 × Z2, τ, µ) and UC = Z2 × Z2 by [16, Theorem 6.2];
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moreover balancing equation [13, Proposition 8.13.8] implies that Cpt ∼= Rep(Z2 × Z2)
is Tannakian. By [16, Corollary 5.3], FPdim(X) ∈ {1,√2, 2, 2√2}, X ∈ O(C). If
there exists a simple object of FP-dimension 2
√
2, as UC = Z2 × Z2 then C contains
a pre-modular fusion category B of FP-dimension 16, and FPdim(Y ) ∈ {1, 2, 2√2}
(Y ∈ O(B)); while Corollary 4.11 shows there is no such a fusion category. Then
FPdim(X) ∈ {1, 2,√2}, X ∈ O(C). Let B be a fusion subcategory generated by
simple object of FP-dimension
√
2, then B is a generalized Tambara-Yamagami fusion
category, so Bad ∼= sV ec by [10, Lemma 3.4], this contradicts to that Cpt is Tannakian.
If FPdim(Cpt) = 8 and FPdim(Cad) = 4. Since C is not a generalized Tambara-
Yamagami fusion category, there must exists simple object of FP-dimension 2, and
FPdim(X) ∈ {1,√2, 2}, ∀X ∈ O(C) by [16, Corollary 5.3], then FPdim(Cint) = 16.
Let B be a fusion subcategory generated by simple object of FP-dimension √2, then B
is a generalized Tambara-Yamagami fusion category, so Bad ∼= sV ec by [10, Lemma 3.4].
Therefore, centralizer B′ad of Bad in C is a slightly degenerate fusion category of FP-
dimension 16 by Theorem 2.1 and Remark 2.5. Meanwhile, it follows from Proposition
4.9 that B′ad ∼= sV ec⊠D, where D is a non-degenerate pointed fusion category.
Then D ∼= I ⊠ D1, where D1 is a non-degenerate pointed fusion category of FP-
dimension 2. Indeed, if D is pointed, then C ∼= D ⊠ I is a generalized Tambara-
Yamagami fusion category, this is a contradiction. Therefore, C ∼= D1⊠A1⊠A2, where
A1,A2 are braided equivalent to Ising categories.
Last we classify slightly degenerate fusion category of FP-dimension 8d and 16d,
where d > 1 is an odd square-free integer.
Lemma 4.14. Let C be a strictly weakly integral fusion category of FP-dimension 8d,
d is an odd square-free number, then FPdim(Cpt) = 4m, m | d.
Proof. By Lemma 3.5, 8 ∤ FPdim(Cpt), and FPdim(Cpt) = 2tm, where d = ms,
t = 1, 2. If t = 1, then FPdim(Cad) =
{
4s, C′ ∩ Cad = V ec,
8s, C′ ⊆ Cad.
. Since non-invertible
integral simple objects of C have FP-dimension 2 by Corollary 3.4, by calculating
FPdim(Cad) we see 4|FPdim((Cad)pt), this is impossible.
Before we give the classification of slightly degenerate fusion categories of FP-
dimension 8d, let us recall classification of modular fusion categories C of FP-dimension
4d, where d is an odd square-free integer. This has been obtained in [3, Theorem 3.1],
up to braided equivalence, there are three classes: C is pointed or C ∼= I ⊠ A or
C ∼= T Y(Zk, τ, µ)Z2 ⊠ B, where I is an Ising category, A and B are pointed modular
fusion categories, k | d. By [17, Proposition 5.1], if fusion category T Y(Zn, τ, µ) admits
a Z2-crossed braiding structure, then T Y(Zn, τ, µ)Z2 is modular if and only if n is odd.
Theorem 4.15. Slightly degenerate fusion category of FP-dimension 8d is equivalent
to sV ec ⊠ A or DZ2 ⊠ B, where A is a modular fusion category of FP-dimension 4d,
B is a pointed modular fusion category, D is a generalized Tambara-Yamagami fusion
category of FP-dimension 4k, G(D) ∼= Z2k and Γ ∼= Z2k or Zk, k|d and d is an odd
square-free integer.
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Proof. If C is integral, then C is pointed by Lemma 3.6, by Proposition 3.1 C ∼= sV ec⊠A.
If C is strictly weakly integral, by Lemma 4.14 and Theorem 2.1, FPdim(Cpt) = 4m,
FPdim(Cad) =
{
2s, C′ ∩ Cad = V ec,
4s, C′ ⊆ Cad.
, ms = d. If s = 1, then C is nilpotent, [12,
Theorem 6.12] and Proposition 4.4 imply that C ∼= sV ec ⊠ A, where A := I ⊠ D is a
non-degenerate fusion category.
If s > 1, since d is square-free, as in Theorem 2.8 we can reduce the classification to
when d = s. Hence we assume FPdim(Cpt) = 4, FPdim(Cad) =
{
2d, C′ ∩ Cad = V ec,
4d, C′ ⊆ Cad.
In both cases, Cpt ∩ Cad contains a Tannakian subcategory E of FP-dimension 2. In
fact, since C is strictly weakly integral, Cad is integral and not pointed, by Corollary
3.4 any non-invertible simple object X ∈ Cad has FP-dimension 2, then there exists a
unique g ∈ Cpt such that I 6= g ⊆ X ⊗X∗. By Proposition 2.4 and balancing equation
[13, Proposition 8.13.8] we have 2 = sg,X = 2θ
−1
g , i.e. θg = 1, so (Cad)pt contains a
Tannakian subcategory E generated by g.
Consider the Mu¨ger center of E , we see FPdim(E ′) = 4d and (E ′)Z2 is slightly
degenerate fusion category by Remark 2.5. Then (E ′)Z2 ∼= V ecωZd by Lemma 3.5, [20,
Theorem 7.2] shows that E ′ is group-theoretical. Therefore Cint = E ′ and E ∼= Z2, that
is, there only exists one non-integral FP-dimension by [16, Theorem 3.10]. In fact, for
FPdim(Cpt) = 4, the action of Z2 on non-trivial subgroups of Zd must be non-trivial,
then we have Cad ∼= Rep(D2d) if C′ ∩ Cad = V ec, and similarly Cint ∼= Rep(D4d) as
braided fusion categories.
Case (i): FPdim(X) ∈ {1, 2,
√
k, 2
√
k}, X ∈ O(C), k > 1 and k | d. By Proposition
3.3 orthogonality of characters sI,− and sg,− implies θg⊗Y = −θY , ∀Y ∈ O(C) and
FPdim(Y ) /∈ Z, as Cint ∼= Rep(D4d). We show there is no simple object with FP-
dimension 2
√
k. On the contrary, assume FPdim(Y ) = 2
√
k, and FPdim(X) =
√
k,
X,Y ∈ O(C). Then Y ⊗Y ∗ = I⊕gχ⊕iAi, where Ai are simple objects of FP-dimension
2, and V ⊗X /∈ O(C) with FPdim(V ) = 2. If V ⊗X ∈ O(C), since g⊗V ⊗X = V ⊗X,
θg⊗V⊗X = −θV⊗X , impossible. Therefore, simple objects with FP-dimension
√
k and
integral simple objects generate a fusion subcategory B, while 4d < FPdim(B) < 8d
and FPdim(B)|8d, contradiction. Then there is no simple object of FP-dimension
√
k,
then FPdim(C) = 4d+ c(2√k)2, where c is the number of non-integral simple object,
so c > 0. However by Lemma 2.3 2|c, which means 2|d, impossible.
Therefore, FPdim(X) ∈ {1, 2,
√
k}, X ∈ O(C). For any two simple objects X,Y of
FP-dimension
√
k,X⊗Y contains a unique invertible simple objects a as FPdim(X⊗Y )
is odd, which means G(C) acts transitively on the set of non-integral simple ob-
jects. Hence there are exactly four non-integral simple objects, by calculating the
FP-dimension of C, we see k = d. Note (Cint)Z2 ∼= V ecωZ2d , hence all integral sim-
ple objects of C are mapped to direct sums of invertible objects via forgetful functor
F : C → CZ2 , Z2 = 〈g〉, then CZ2 is a generalized Tambara-Yamagami fusion category.
If there exists a non-integral simple object Y with Y ∼= Y ∗, since {a⊗ Y |a ∈ G(C)}
are all non-integral simple objects of C, CZ2 has two self-dual simple objects of FP-
dimension
√
d. Therefore, CZ2 ⊇ T Y(Zd, τ, µ), which is generated by a non-integral sim-
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ple object, then C contains a braided fusion subcategory T Y(Zd, τ, µ)Z2 . By [17, Propo-
sition 5.1] T Y(Zd, τ, µ)Z2 is a modular fusion category, so C ∼= sV ec ⊠ T Y(Zd, τ, µ)Z2
by [12, Theorem 3.13].
If there exists a non-self-dual simple object Y of FP-dimension
√
d, then Y ⊗ Y =
a ⊕i Ai we have a = gχ. Indeed if a = g or χ, then g ⊗ Y = Y ∗ or χ ⊗ Y = Y ∗,
while θg⊗Y = θχ⊗Y = −θY , this is impossible. Therefore Y , Y ∗, g ⊗ Y , g ⊗ Y ∗ are
non-isomorphic simple objects of C. Again the de-equivariantization D := CZ2 is a
generalized Tambara-Yamagami fusion category of FP-dimension 4d, D has two non-
integral simple objects Y, Y ∗ of FP-dimension
√
d and G(D) = Z2d, so C ∼= DZ2 .
Case (ii): FPdim(X) ∈ {1, 2,√2k}, X ∈ O(C), k | d. Let FPdim(Y ) = √2k, then
Y ⊗ Y ∗ = I ⊕ χg ⊕i aiXi and g ⊗ Y ∼= χ⊗ Y , as θg⊗Y = θχ⊗Y = −1, Cint = Cad. We
show FPdim(Y ) 6= √2 if d > 1. Indeed, if for any non-integral simple objects Y and Z
with FP-dimension
√
2, we have Y ⊗ Y ∗ = Z ⊗ Z∗ = I ⊕ gχ, then Y ⊗ Z ∈ Cpt. Then
all the non-integral simple objects generate a generalized Tambara-Yamagami fusion
subcategory D with FPdim(D) = 4d+4, then 4d|(4d+4) and (4d+4)|8d, which means
d = 1, i.e. C ∼= I ⊠ sV ec by Proposition 4.4.
Next, we show non-integral simple objects are self-dual. Let Y be a self-dual non-
integral simple object and V be a simple object of FP-dimension 2, as V ⊗ Y =
g ⊗ V ⊗ Y , then V ⊗ Y = Z ⊕ g ⊗ Z. As V, Y are self-dual and θg⊗Z = −θZ , so Z
is also self-dual. Then self-dual simple objects generate a fusion category of C, which
contains Cint. While FPdim(Cint) = 4d, therefore, either all the non-integral simple
objects of C are self-dual or not self-dual. If all the non-integral simple objects of C are
not self-dual, then FPdim(C) = 4d + (
√
2k)24l, where l is the number of quadruples
{Y, Y ∗, g ⊗ Y, g ⊗ Y ∗}, then 2|d, impossible. Hence all the non-integral simple objects
are self-dual, and there are 2d
k
non-integral simple objects. Since (Cint)Z2 ∼= V ecωZ2d ,
C ∼= DZ2 , where D is a generalized Tambara-Yamagami fusion category with dk self-
dual simple objects of FP-dimension
√
2k, and G(D) ∼= Z2d. It follows from [17,
Proposition 5.1] and [3, Theorem 3.1] that C does not contains non-integral modular
fusion subcategories.
Modular fusion categories of FP-dimensions 8d have been classified in [5], where d
is an square-free odd integer. By using same method of Theorem 4.15, we can also have
Theorem 4.16. Slightly degenerate fusion categories of FP-dimensions 16d are equiva-
lent to sV ec⊠A1 or A2⊠B or DZ2⊠A3, where Ai are non-degenerate fusion categories,
B is a slightly degenerate strictly weakly integral fusion category of FP-dimension 8k,
D is a generalized Tambara-Yamagami fusion category of FP-dimension 8l, where d is
a square-free odd integer, k | d and l | d.
Proof. If C is integral, then C is pointed by Lemma 3.6. Let C be a slightly degen-
erate strictly weakly integral fusion category of FP-dimensions 16d, by Corollary 3.4,
integral simple objects of C have FP-dimension 1 or 2. As in Theorem 4.15 we as-
sume FPdim(Cpt)|16, by Lemma 3.5, 16 ∤ FPdim(Cpt), so FPdim(Cpt) = 8. Indeed,
if FPdim(Cpt) = 4, then by Theorem 2.1 FPdim(Cad) = 4d or 8d; in the first case
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8|FPdim(Cpt), while in the second case the rank of Cad is 2d+ 3, which contradicts to
Lemma 2.3.
Since FPdim(Cpt) = 8, as in Theorem 4.15, Cad ⊇ E = Rep(Z2), where E is a
Tannakian subcategory and Z2 = 〈g〉. By Remark 2.5 we see E ′Z2 is a slightly degenerate
of FP-dimension 4d, therefore E ′Z2 ∼= sV ec⊠D by Proposition 3.5, where D is a pointed
modular fusion category of FP-dimension 2d, so E ′ is group-theoretical by [20, Theorem
7.2], then E = Cint and E = Z2. Computations in Theorem 4.15 shows that g⊗V = V
if V is an integral non-invertible simple object and that θg⊗V = −θV for all non-integral
simple objects. However, now Cint ≇ Rep(D8d) as G(Rep(D8d)) ∼= Z2 × Z2.
Case (i): FPdim(X) ∈ {1, 2,√k, 2√k}, ∀X ∈ O(C). The same way as Theorem
4.15, one can show that either all the non-integral simple objects have FP-dimension√
k or 2
√
k. If FPdim(X) ∈ {1, 2, 2
√
k}, then FPdim(Cad) = 4d and |UC | = 4 as
C′ ⊆ Cad. If UC = Z2×Z2, then C contains a strictly weakly integral fusion category A
of FP-dimension 8d and Cad ⊆ A, so FPdim(A′) = 4; note C′ ⊆ A′, therefore either A
is slightly degenerate or A′ contains a non-trivial Tannakian subcategory. While the
first case can not happen by Theorem 4.15 and considering the de-equivariantization
the second case implies A is integral, impossible. If UC = Z4, then C = ⊕3i=0Cai and
Cpt ⊆ C0 ⊕ Ca2 = A, indeed one can show A = Cint. Then Ca contains dk non-integral
simple objects, this is impossible as χ ∈ C0 and χ⊗X ∈ C0 for any X ∈ Ca. Therefore
FPdim(X) ∈ {1, 2,√k}, ∀X ∈ O(C), and k = d as Theorem 4.15. If C contains a self-
dual non-integral simple object, then C ∼= sV ec⊠T Y(Zd, τ, µ)Z2⊠D by [17, Proposition
5.1], D is pointed modular of FP-dimension 2; if not, then either C contains an even
metaplectic modular fusion category of FP-dimension 8d [5, Theorem 4.18] or C ∼= DZ2 ,
where D is a generalized Tambara-Yamagami fusion category with G(D) = Z2 × Z2d
and Γ = Zd.
Case (ii): FPdim(X) ∈ {1, 2,
√
2k, 2
√
2k}, ∀X ∈ O(C). Like Theorem 4.15 then
one can show that all the non-integral simple objects have FP-dimension
√
2k, and
k > 1 if d 6= 1; when d = 1, this is Proposition 4.9. Therefore C ∼= sV ec ⊠ I ⊠ A or
C ∼= DZ2 , where A is a pointed modular fusion category of FP-dimension 2d, D is a
generalized Tambara-Yamagami fusion category with G(D) = Z2 × Z2d and Γ = Z2d.
Then it follows from [3, Theorem 3.1] and [5, Theorem 4.18] that C does not contain
modular fusion subcategories with FPdim(X) ∈ {1, 2,√2k} and k > 1.
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